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Motivation 1-1

Measuring risk exposure

r(t) = b(t)>x(t) = b(t)>Σ
1/2
x (t)εx(t)

r(t): portfolio returns
b(t): trading strategie
xt ∈ IRd : individual returns with cov Σx(t)
εx(t): stochastic term

VaRt,pr = −quantilepr{r(t)}
pr: h = 1-day or h = 5-day forecasted probability of r(t).

Critical points: estimate Σx(t)
identify the distributional behavior of εx(t)
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Motivation 1-2

Popular risk management models

r(t) = b(t)>x(t) = b(t)>Σ
1/2
x (t)εx(t)

RiskMetrics
εx(t) ∼ N(0, Id)
Σx(t) = $Σx(t − 1) + (1−$)x(t − 1)x>(t − 1)
(Exponential Moving Average)

t-deGARCH
εx(t) ∼ t(df)
Σx(t) = $ + α1Σx(t − 1) + β1x(t − 1)x>(t − 1) (GARCH(1,1))
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Motivation 1-3

Limitations of the popular risk management
models

� covariance estimation relies on a time-invariant form

Σx(t) =

{ ∞∑
m=0

ηmx(t −m − 1)x>(t −m − 1)

}
/

{ ∞∑
m=0

ηm

}
η ∈ [0, 1]

Σx(t) = ω + αx(t − 1)x>(t − 1) + βΣx(t − 1)

=
ω

1− β
+ α

∞∑
m=0

βmx(t −m − 1)x>(t −m − 1)
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Motivation 1-4

Limitations of the popular risk management
models

Example: Large loss in the US and European stock markets on 13
October 1989.

time period ω̂ α̂ β̂

1988/01/04-1989/10/13 8.63e-06 (6.36e-06) 0.07 (0.03) 0.87 (0.05)
1989/10/13-1991/08/07 6.54e-06 (2.95e-06) 0.17 (0.07) 0.61 (0.12)
1988/01/04-1991/08/07 1.61e-05 (6.93e-06) 0.12 (0.04) 0.83 (0.04)

Table 1: ML estimates of the GARCH(1,1) model on the base of the
German stock Allianz. The standard deviation of the estimates are
reported in parentheses.
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Motivation 1-5

� unrealistic distributional assumption

Example: Log-density of the DAX portfolio, b(t) = unit(1/20).
Time interval: 1988/01/04 - 1996/12/30.
εr (t) ∼ GH(−0.5, 1.21,−0.21, 1.21, 0.24).

Data source: FEDC (http://sfb649.wiwi.hu-berlin.de)
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Motivation 1-6

Limitations of the popular risk management
models

� numerical problems appear when applied to high-dimensional
portfolios

Example: Dynamic conditional correlation (DCC) model:

Σx(t) = Dx(t)Rx(t)Dx(t)
>

Dx(t): GARCH(1,1)
Rx(t) = R̃x(1−θ1−θ2)+θ1{εx(t−1)ε>x (t−1)}+θ2Rx(t−1)
R̃x : sample correlation
εx ∈ IRd : standardized returns
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Motivation 1-7

GHICA

Generalized Hyperbolic distribution + Independent Component
Analysis

r(t) = b(t)>x(t) = b(t)>W−1y(t)

= b(t)>W−1D
1/2
y (t)εy (t)

εyj (t) ∼ GH(λ, α, β, δ, µ), j = 1, · · · , d
W is a d × d nonsingular ICA matrix
y(t) ∈ Rd is (approximately) independent
Dy (t) = diag

(
σ2

y1
(t), · · · , σ2

yd
(t)

)
is the covariance matrix of y(t)

σ2
yj
(t) =

{∑∞
m=0 η

m(t)y2(t −m − 1)
}
/ {

∑∞
m=0 η

m(t)}
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Motivation 1-8

ICA example

y1(t): generalized hyperbolic variable GH(1, 2, 0, 1, 0)
y2(t): GH(1, 1.7, 0, 0.5, 0)
y3(t): GH(1, 1.5, 0, 1, 0)

A = W−1 =

 1.31 0.14 0.18
−0.42 −1.26 −1.25
−0.03 0.41 −0.49

 10−2

x(t) = A y(t)

Note: W is the estimated linear transformation matrix based on
returns of three DAX components: ALLIANZ, BASF and BAYER
from 1974/01/02 to 1996/12/30 (Data source: FEDC).
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Motivation 1-9

ICA example

The Mahalanobis transformation:

ĉov−1/2
x =

 0.91 −0.09 −0.12
−0.09 1.03 −0.41
−0.12 −0.41 1.04

 102

6= W =

 0.79 0.10 0.03
−0.11 −0.44 1.08
−0.15 −0.38 −1.10

 102
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Motivation 1-10

ICA example

Cross-cumulants:

Transformation Mahalanobis ICA

E[y2
1 y3] 0.04 -0.01

E[y2
2 y3] 0.14 0.00

E[y3
1 y2] -0.17 0.00

E[y1y
2
2 y3] 0.37 -0.03
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Motivation 1-11

Time plots of three ICs (top), x(t) (middle) and ŷ(t) (bottom).
IC1: GH(1,2,0,1,0)
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Motivation 1-12

Procedure: GHICA

1. Implement ICA to get ICs.

2. Estimate variance of each IC by using the local exponential
smoothing approach

3. Identify GH distributional parameters of the innovations of
each IC

4. Estimate the density of portfolio returns using the FFT
technique

5. Calculate risk measures
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Outline

1. Motivation: ICA + GH = GHICA X

2. ICA: properties and estimation

3. Method: GH distribution, adaptive exponential smoothing and
FFT

4. Simulation study

5. Empirical study

6. Conclusion



ICA 2-1

Definition

ICA model:  y1t
...

ydt

 =

 w11 · · · w1d

· · · · ·
wd1 · · · wdd


 x1t

...
xdt


y(t) = Wx(t) = (w1, · · · ,wd)>x(t)

equivalently x(t) = Ay(t)

where x(t) are d-dimensional observations, y(t) are ICs and W the
nonsingular linear transformation matrix: W−1 = A.
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ICA 2-2

Properties of ICA

Scale identification: the scales of the ICs are not identifiable since
both y(t) and W are unknown:

x1t =
d∑

j=1

a1jyjt =
d∑

j=1

{ 1

kj
a1j}{kjyjt}

Hence: prewhiten x(t) by the Mahalanobis transformation
ĉov(x)−1/2 and assume that each IC has unit variance: E[y2

j ] = 1.
From now on x(t) is prewhitened!
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ICA 2-3

Properties of ICA

Order identification: the order of the ICs is undetermined.

x(t) = Ay(t) = AP−1Py(t)

where P is a permutation matrix and Pyt are the original ICs but in
a different order.
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ICA 2-4

Properties of ICA

ICs are necessarily non-Gaussian
Consider two prewhitened Gaussian ICs y1 and y2 with pdf:

f (y1, y2) = |2πI|−
1
2 exp(−y2

1 + y2
2

2
) =

1

2π
exp(−||y ||

2

2
)

where ||y || is the norm of the vector (y1, y2)
>.

The joint density of the observation x1 and x2 is given by:

f (x1, x2) = |2πI|−
1
2 exp(−||Wx ||2

2
)|detW | = 1

2π
exp(−||x ||

2

2
).

Since A is an orthogonal matrix after prewhitening.

GHICA

Distribution comparison

-5 0 5

X

0
0.

1
0.

2
0.

3
0.

4
0.

5

Y

NIG
Laplace
Normal
t(5)
Cauchy



ICA 2-5

How to find ICs? - Minimize mutual
information

I (W , y) =
d∑

j=1

H(yj)− H(y)

=
d∑

j=1

H(yj)− H(x)− log |det(W )|

min
d∑

j=1

H(yj) ≥
d∑

j=1

minH(yj)

ŵj = argminH(yj) = argmaxJ(wj , yj)

where H(·) is the entropy and J(·) is the negentropy.
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ICA 2-6

How to find ICs?

Jones and Sibson (1987): projection pursuit

� Cumulant based measure: e.g. skewness and excess kurtosis:
sensitive to outliers.

� Negentropy: Gaussian variable has the maximal entropy given
a fixed variance.

J(w , y) = J(fy ) = H{N(0, 1)} − H(y)

entropy: H(y) = H(fy ) = −
∫

fy (u) log fy (u)du.

Note that y is now a univariate and prewhitened variable.
Negentropy requires the knowledge of fy .
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ICA 2-7

How to approximate univariate negentropy?

Given y univariate and prewhitened:

argmax{J(fy )} = argmin{H(fy )}.

Cover and Thomas (1991):
Fix sample expectations cj with given functions Gj(y)

E[Gj(y)] =

∫
Gj(y)f (y)dy = cj , j = 1, · · · , s.

Problem: f (y) is not identifiable.

GHICA

Distribution comparison

-5 0 5

X

0
0.

1
0.

2
0.

3
0.

4
0.

5

Y

NIG
Laplace
Normal
t(5)
Cauchy



ICA 2-8

How to approximate univariate negentropy?

Given y univariate and prewhitened:

argmax{J(fy )} = argmin{H(fy )}.

Minimize the univariate entropy w.r.t. the density family:

f0(y ; a) = A exp{
∑

j

ajGj(y)} (1)
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ICA 2-9

How to approximate univariate negentropy?

Step 1: estimate pdf of y(t) with the smallest entropy, i.e. search
for non-Gaussian distributions:

f̂ (·) = argmaxa[−H{f0(y ; a)}].

Include the following functions for standardization:

Gs+1(y) = y , cs+1 = 0 Gs+2(y) = y2, cs+2 = 1

make Gj an orthogonal system.

f̂y = ϕ(y){1 +
s∑

j=1

cjGj(y)} (2)
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ICA 2-10

How to approximate univariate negentropy?

Step 2: approximate the negentropy:

H(y) ≈ −
∫

f̂y (u) log f̂y (u)du ≈ H(ygauss)−
1

2

s∑
j=1

c2
j (3)

J(y) = H(ygauss)− H(y) ≈ 1

2

s∑
j=1

c2
j (4)

Proof in Appendix.
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ICA 2-11

How to approximate univariate negentropy?

Step 3: choose functions Gj :

1. E[Gj(y)] should be easily computable and not sensitive to
outliers

2. Gj(y) should not grow faster than quadratically to ensure that
f0(y) in (3) is integrable

3. Gj(·) should capture distributional features of log{fy (·)}.
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ICA 2-12

How to approximate univariate negentropy?

Two important features measure non-Gaussianity:

� Asymmetry - G1 an odd function

� Tail behavior - G2 an even function

J(y) ≈ 1

2

s=2∑
j=1

c2
j

≈ k1 E{G1(y)}2 + k2[E{G2(y)} − E{G2(ygauss)}]2
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ICA 2-13

How to approximate univariate negentropy?

Example: Negentropy approximation
Approximation a: k1 = 36/(8

√
3− 9) and ka

2 = 1/(2− 6/π)

J(y) ≈ k1[E{y exp(−y2/2)}]2 + ka
2 [E{exp(−y2/2)} −

√
1/2]2

G a
1 (y) = y exp(−y2/2)

G a
2 (y) = exp(−y2/2)

Approximation b: k1 = 36/(8
√

3− 9) and kb
2 = 24/(16

√
3− 27/π)

J(y) ≈ k1[E{y exp(−y2/2)}]2 + kb
2 [E{|y |} −

√
2/π]2

Gb
1 (y) = y exp(−y2/2)

Gb
2 (y) = |y |
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ICA 2-14

How to approximate univariate negentropy?

Comparison of the true negentropy (black) and its approximations (a: red, b: blue) of

simulated Gaussian mixture variable: pN(0, 1) + (1− p)N(1, 4) for p ∈ [0, 1].

GHICAnegentropyapp.xpl

Negentropy comparison

0 0.5 1

p
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ICA 2-15

Negentropy approximations and FastICA

In the VaR context: tail behavior is more relevant than asymmetry.
Therefore,

J(y) ≈ C{E[G (y)]− E[G{N(0, 1)}]}2.

G (y) =
1

s
log cosh(sy), 1 ≤ s ≤ 2

g(y)
def
= G ′(y) = tanh(sy)

g ′(y) = s{1− tanh2(sy)}

very often, s = 1 is taken in this approximation.
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ICA 2-16

FastICA

Objective function

{E{G (WX )} − E[G{N(0, 1)}]}E{Xg(WX )} = 0 (5)

A fast gradient method can be formulated under the constraint
W>W = Id :

E{Xg(WX )}+ χW = 0 (6)

The iteration of wj with respect to yj :

w
(n+1)
j = E[Xg(w

(n)
j X )− E{g ′(w (n)

j X )}w (n)
j ] (7)
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ICA 2-17

FastICA

Algorithm

1. Choose an initial vector wj of unit norm, W = (w1, · · · ,wd)>.

2. Let w
(n)
j = E[g(w

(n−1)
j x)x ]− E[g ′(w

(n−1)
j x)]w

(n−1)
j . In

practice, the sample mean is used to calculate E[·].
3. Orthogonalization (decorrelated):

w
(n)
j = w

(n)
j −

∑
k 6=j(w

(n)>
j wk)wk .

4. Normalization: w
(n)
j = w

(n)
j /||w (n)

j ||.

5. If not converged, i.e. ||w (n)
j − w

(n−1)
j || 6= 0, go back to 2.

6. Set j = j + 1. For j ≤ d , go back to step 1.
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Outline

1. Motivation: ICA + GH = GHICA X

2. ICA: properties and estimation X

3. Method: GH distribution, adaptive exponential smoothing and
FFT

4. Simulation study

5. Empirical study

6. Conclusion



Method 3-1

GH distribution

X ∼ GH with density:

fGH(x ;λ, α, β, δ, µ) =
(ι/δ)λ

√
2πKλ(δι)

Kλ−1/2

{
α
√
δ2 + (x − µ)2

}
{√

δ2 + (x − µ)2
/
α
}1/2−λ

· exp{β(x − µ)}

Where ι2 = α2 − β2, Kλ(·) is the modified Bessel function of the
third kind with index λ: Kλ(x) = 1

2

∫∞
0 yλ−1exp{− x

2 (y + y−1)} dy .
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Method 3-2

Parameters of GH distribution

Parameters µ and δ: pdf of GH(−0.5, 3, 0, 1, 2) (black). On the left is the pdf of

GH(−0.5, 3, 0, 1,−3) and on the right is GH(−0.5, 3, 0, 2, 2).
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Method 3-3

Parameters of GH distribution

Parameter β: pdf of GH(−0.5, 3, 0, 1, 2) (black). On the left is the pdf of

GH(−0.5, 3,−2, 1, 2) and on the right is GH(−0.5, 3, 2, 1, 2).
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Method 3-4

Parameters of GH distribution

Parameter α: pdfs of GH(−0.5, 3, 0, 1, 2) (black) and GH(−0.5, 6, 0, 1, 2) (red).
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Method 3-5

Subclass of GH distribution

The parameters (µ, δ, β, α)> can be interpreted as trend, riskiness,
asymmetry and the likeliness of extreme events.

Normal-inverse Gaussian (NIG) distributions: λ = −1/2,

fNIG (x ;α, β, δ, µ) =
αδ

π

K1

{
α
√
δ2 + (x − µ)2

}
√
δ2 + (x − µ)2

exp{δι+β(x−µ)},

where x , µ ∈ R, 0 < δ and |β| ≤ α.
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Method 3-6

Tail behavior of GH distribution

fGH(x ;λ, α, β, δ, µ = 0) ∼ xλ−1e(∓α+β)x as x → ±∞,
Tail behaviors of five normalized distributions: NIG, standard normal, Laplace and

Cauchy distributions.
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Method 3-7

Adaptive exponential smoothing

Chen and Spokoiny (2006)

y(t) = σ(t)ε(t)

ε(t) ∼ NIG
σ̂(t): the “best” local estimate from

{
σ̃(k)(t)

}
for k = 1, · · · ,K

σ̃(k)(t) =

[
{

Mk∑
m=0

ηm
k y2(t −m − 1)}/{

Mk∑
m=0

ηm
k }

]1/2

s.t. ηMk+1
k ≤ c → 0
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Method 3-8

Adaptive exponential smoothing

ε(t) ∼ NIG: quasi ML estimation
Power transformation with 0 ≤ p < 0.5 guarantees E[exp{ρε2(t)}]
exists:

yp(t) = sign{y(t)}|y(t)|p

θ(t) = var{yp(t)|Ft−1} = E{|y(t)|2p|Ft−1}
= σ2p(t) E |ε(t)|2p = σ2p(t)Cp

θ̃(k)(t) = {
Mk∑

m=0

ηm
k |y(t −m − 1)|2p}/{

Mk∑
m=0

ηm
k }
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Method 3-9

Adaptive exponential smoothing

Localization:

� decreasing variation: Nk+1

Nk
≈ 1−ηk

1−ηk+1
= a > 1

where Nk =
∑Mk

m=0 η
m
k

� the first local estimate (k = 1) is automatically accepted as
θ̂(k)(t). The consequent local estimate would be accepted if
the fitted Gaussian log-likelihood ratio L is bounded by the
critical value zk :

L
(
ηk , θ̃

(k)(t), θ̂(k−1)(t)
)

= L
(
ηk , θ̃

(k)(t)
)
− L

(
ηk , θ̂

(k−1)(t)
)
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Method 3-10

Algorithm

1. Initialization: θ̂(1)(t) = θ̃(1)(t).

2. Loop: for k ≥ 2

θ̂(k)(t) = θ̃(k)(t), if L
(
ηk , θ̃

(k)(t), θ̂(k−1)(t)
)
≤ zk

θ̂(k)(t) = θ̂(s)(t) = θ̃(k−1)(t) for k ≤ s ≤ K , otherwise

3. Final estimate: if k = K , θ̂(t) = θ̂(K)(t).

4. Save the selected local parameter η̂(t). Since Cp is only a
constant, the volatility estimate is:

σ̂(k)(t) =
[
{
∑M̂k

m=0 η̂
m(t)y2(t −m − 1)}/{

∑M̂k
m=0 η̂

m(t)}
]1/2
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Method 3-11

Parameter choice

� Initial values: η1 = 0.60, c = 0.01, a = 1.25 and p = 0.25

� Critical values: Monte Carlo simulation.
I apply the general critical values under the normal distributional

assumption since the transformed variable is close to Gaussian
I estimate Ĉp based on the estimates θ̂(t) such that

var{ε̂(t)} = var
[
y(t){Ĉp/θ̂(t)}

1
2p

]
= 1.

I estimate the NIG distributional parameters of ε̂(t) = y(t)/σ̂(t)

where σ̂(t) = {θ̂(t)/Ĉp}
1
2p

I calculate the critical values based on the identified NIG
variables.
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Method 3-12

Characteristic function of portfolio returns

The characteristic function of the NIG variable is:

ϕy (z) = exp

[
izµ+ δ{

√
α2 − β2 −

√
α2 − (β + iz)2}

]
The scaling transformation of NIG r.v. y ′ = cy :

fNIG(y ′;α′, β′, δ′, µ′) = fNIG(cy ;α/|c |, β/c , |c |δ, cµ)

Given r(t) = b(t)>W−1Dy (t)1/2εy (t) = a(t)εy (t),
aj(t)εj(t) ∼ NIG(ᾰj , β̆j , δ̆j , µ̆j) with j = 1, · · · , d :

NIG(ᾰj , β̆j , δ̆j , µ̆j) = NIG(αj/|aj(t)|, βj/aj(t), |aj(t)|δj , aj(t)µj)
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Method 3-13

Density estimation by using FFT

The characteristic function of the portfolio return at time t is:

ϕr (z) =
∏d

j=1 ϕζj
(z) = exp

(
iz

∑d
j=1 µ̆j

)
· exp

[∑d
j=1 δ̆j{

√
ᾰ2

j − β̆2
j −

√
ᾰ2

j − (β̆j + iz)2}
]

The density function is approximated by using the FFT:

f (r) =
1

2π

∫ +∞

−∞
exp(−itr)ψ(z)dt ≈ 1

2π

∫ s

−s
exp(−itr)ψ(z)dt

GHICA
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Procedure: GHICA

1. Implement ICA to get ICs.

2. Estimate variance of each IC by using the local exponential
smoothing approach

3. Identify GH distributional parameters of the innovations of
each IC

4. Estimate the density of portfolio returns using the FFT
technique

5. Calculate risk measures



Simulation study 4-1

Simulation study on covariance estimation

Goal GHICA versus DCC:

Σx(t) = W−1Dy (t)W−1>

Σx(t) = Dx(t)Rx(t)Dx(t)
>

Design

� d = 50 centered and symmetric NIG(αj , 0, δj , 0) where
αj ∼ U[1, 2] and αj = δj to guarantee standardization

� sample size T = 1900, N = 100 simulations

� covariance shifts Σ1 = Id , Σ2 and Σ3 are self-correlated
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Simulation study 4-2

Ordered eigenvalues of the generated covariance Σ2.
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Simulation study 4-3

Ordered eigenvalues of the generated covariance Σ3.
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Simulation study 4-4

Structure shifts of the generated covariance through time.
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Simulation study 4-5

Realized estimates of Σ(2, 5) based on the GHICA and DCC
methods.
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Simulation study 4-6

Boxplot of the proportion
∑

i

∑
j 1(RAE(i ,j)≤1)

d×d for i , j = 1, · · · , d

over 100 simulations, where RAE(i , j) =

∑T
t=301 |Σ̂GHICA

(i,j)
(t)−Σ(i,j)(t)|∑T

t=301 |Σ̂DCC
(i,j)

(t)−Σ(i,j)(t)|
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Empirical Study 5-1

Risk measures and requirements

� Regulatory: to ensure the adequacy of capital and restrict the
happening of large losses of financial institutions.

VaRt,pr = −quantilepr{r(t)},
where pr is the h = 1-day forecasted probability of the
portfolio returns

Risk charget = max
(
Mf

1
60

∑60
i=1 VaRt−i ,1%,VaRt,1%

)
,

where Mf relies on the number of exceptions
(−r(t) > VaRt,pr) over last 250 days and identifies according
to the “traffic light” rule.
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Empirical Study 5-2

No. exceptions Increase of Mf Zone

0 bis 4 0.00 green
5 0.40 yellow
6 0.50 yellow
7 0.65 yellow
8 0.75 yellow
9 0.85 yellow

More than 9 1.00 red

Table 2: Traffic light as a factor of the exceeding amount, cited from
Frank, Härdle and Hafner (2004).
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Empirical Study 5-3

Risk measures and requirements

� Minimum requirement of regulatory:
p̂r ≤ 4

250 (green zone)
small amount of risk charge:
Risk charge (RC) = mean (VaRt,pr)
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Empirical Study 5-4

Risk measures and requirements

� Investors: suffer loss (at least the amount of the expected
shortfall) once bankruptcy happens

Expected shortfall (ES) measures the expected size of loss:
ES = E{−r(t)| − r(t) > VaRt,pr}
ES as small as possible

� Internal supervisory: exactly measure the market risk
exposures

p̂r = No. exceptions
No. total observations

p̂r close to pr
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Empirical Study 5-5

DAX portfolio

� Data: 20 DAX stocks 1974/01/02 - 1996/12/30 (5748
observations). All are heavy-tailed distributed (kurtosis> 3).
The smallest correlation coefficient is 0.3654

� Static trading strategies: b(t) = b(1) = (1/d , · · · , 1/d)> and
b(t) = b(2) ∼ U[0, 1]

� Goal: GHICA versus RiskMetrics and ES t(6) (exponential
smoothing with t(6) distributional assumption)
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Empirical Study 5-6

One day log-returns of the DAX portfolio with the static trading
strategy b(t) = b(1). The VaRs are from 1975/03/17 to
1996/12/30 at pr = 0.5% w.r.t. three methods.

300 1300 2300 3300 4300 5300
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15
log−returns with equal weights (b1)
GHICA VaR at 0.5%
RiskMetrics VaR at 0.5%
t(6) VaR at 0.5%

GHICA

Distribution comparison

-5 0 5

X

0
0.

1
0.

2
0.

3
0.

4
0.

5

Y

NIG
Laplace
Normal
t(5)
Cauchy



Empirical Study 5-7

Enlarged part
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Empirical Study 5-8

Risk analysis of the DAX portfolios with two static trading
strategies. The concerned forecasting interval is h = 1 or h = 5
days. The best results to fulfill the regulatory requirement are
marked by r . The method preferred by investor is marked by i . For
the internal supervisory, the method marked by s is recommended.
142 Chapter 6. Adaptive risk management 4: GHICA

GHICA RiskMetrics N(µ, σ2) Exponential smoothing t(6)

h b(t) pr p̂r RC ES p̂r RC ES p̂r RC ES

1 b(1) 1% 0.55% 0.0264 0.0456 1.18%s 0.0229r 0.0279 0.40% 0.0292 0.0269i

b(1) 0.5% 0.44%s 0.0297 0.0472i 0.75% 0.0254 0.0317 0.23% 0.0345 0.0506

b(2) 1% 0.59% 0.0265 0.0448 1.03%s 0.0231r 0.0288 0.38% 0.0294 0.0406i

b(2) 0.5% 0.42%s 0.0298 0.0476i 0.71% 0.0256 0.0315 0.21% 0.0347 0.0514

5 b(1) 1% 0.83% 0.0550 0.0841 1.15%s 0.0481r 0.0602 0.19% 0.0665 0.0833i

b(1) 0.5% 0.51%s 0.0612 0.0939i 0.64% 0.0536 0.0683 0.09% 0.0784 0.1067

b(2) 1% 0.83%s 0.0554 0.0828i 1.18% 0.0488r 0.0613 0.16% 0.0673 0.0852

b(2) 0.5% 0.50%s 0.0617 0.0943i 0.63% 0.0543 0.0676 0.07% 0.0794 0.1218

Table 6.1: Risk analysis of the DAX portfolios with two static trading strategies. The
concerned forecasting interval is h = 1 or h = 5 days. The best results to fulfill the
regulatory requirement are marked by r. The method preferred by investor is marked by i.
For the internal supervisory, the method marked by s is recommended.

6.4.2 Data analysis 2: Foreign exchange rate portfolio

In financial markets, traders adjust trading strategy according to information obtained.
The GHICA is easily applicable to dynamic portfolios. We consider here 7 actively traded
exchange rates, Euro (EUR), the US dollar (USD), the British pounds (GBP), the Japanese
yen (JPY) and the Singapore dollar (SGD) from 1997/01/02 to 2006/01/05 (2332 obser-
vations). The foreign exchange rate (FX) market is the most active and liquid financial
market in the world. It is realistic to analyze a dynamic portfolio with daily time varying
trading strategy b(3)(t). The strategy at time point t relies on the realized returns at t− 1,
the proportions of which w.r.t the sum of returns:

b(3)(t) =
x(t− 1)∑d

j=1 xj(t− 1)

where x(t) = {x1(t), · · · , xd(t)}>. Among these data sets, the returns of the EUR/SGD
and USD/JPY rates are least correlated with the correlation coefficient 0.0071 whereas
the returns of the EUR/USD and EUR/SGD rates are most correlated with the coefficient
0.6745. The resulting portfolio returns span over [−0.7962, 0.7074].

The GHICA method is compared with an alternative method, abbreviated as DCCN,
that applies the DCC covariance estimation under the Gaussian distributional assumption.

r(t) = b(t)>x(t) = b(t)>Σ(1/2)
x (t)εx(t)

where εx ∼ N(µ,Σε) with the diagonal covariance matrix Σε. Notice that the quantile
vector with pr-quantiles of individual innovation does not necessarily correspond to the
pr-quantile of the portfolio return. Under the Gaussian distributional assumption, the
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Empirical Study 5-9

Foreign exchange rate portfolio

� Data: 7 FX rate 1997/01/02 to 2006/01/05 (2332
observations).

� Dynamic trading strategies: b(3)(t) = x(t−1)∑d
j=1 xj (t−1)

, where

x(t) = {x1(t), · · · , xd(t)}>. EUR/USD and EUR/SGD rates
are most correlated with the coefficient 0.6745

� Goal: GHICA versus DCCN (DCC with the Gaussian
distributional assumption)
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Empirical Study 5-10

Risk analysis of the dynamic exchange rate portfolio. The best
results to fulfill the regulatory requirement are marked by r . The
recommended method to the investor is marked by i . For the
internal supervisory, we recommend the method marked by s .6.4. Risk management with real data 143

GHICA DCCN

h b(t) pr p̂r RC ES p̂r RC ES

1 b(3)(t) 1% 1.28%s 0.0453r 0.0778 1.59% 0.0494 0.0254i

b(3)(t) 0.5% 0.59%s 0.0493 0.1944i 0.94% 0.0547 0.0289

5 b(3)(t) 1% 1.53%s 0.0806r 0.2630i 4.17% 0.0993 0.1735
b(3)(t) 0.5% 0.79%s 0.1092 0.2801i 3.44% 0.1100 0.1389

Table 6.2: Risk analysis of the dynamic exchange rate portfolio. The best results to fulfill
the regulatory requirement are marked by r. The recommended method to the investor is
marked by i. For the internal supervisory, we recommend the method marked by s.

standardized DCCN returns are theoretically cross independent and the Gaussian quantiles
of the portfolio can be easily calculated. The dynamic mean, variance of the portfolio’s
returns have values of:

IE{r(t)} = b(t)>Σ(1/2)
x (t)IE{εx(t)}

Var{r(t)} = b(t)>Σ(1/2)
x (t)Var{εx(t)}Σ(1/2)>

x (t)b(t)

The GHICA method in general presents better results than the DCCN. Except the value
of ES at 1% level, the GHICA fulfills the requirements of regulatory, internal supervisory
and investors, see Table 6.2. For h = 1 day forecasts, the DCCN gives although a closer
VaR value to 1.6%, i.e. the ideal probability for regulatory, its risk charge with a value
of 0.0494 is larger than that based on the GHICA, 0.0453. Therefore the GHICA is more
favored in fulfilling the minimal regulatory requirement.

The two real data studies show that the GHICA method fulfills the minimal regulatory
requirement by controlling the risk inside 1.6% level and requiring small risk charge, in
particular satisfies the internal supervisory requirement by precisely measuring risk level as
expected and favors the investors’ requirement by delivering small size of loss. In summary,
the GHICA method is not only a fast procedure given either static or dynamic portfolios
but also produces better results than several alternative risk management methods.
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Conclusion 6-1

Conclusion and Outlook

� GHICA X

� Advanced ICA 1:
Gaussian ICs (∈ IRG ) + non-Gaussian ICs (∈ IRNG ) with
G >> NG

� Advanced ICA 2:
Localization of ICA: y(t) = W (t)x(t)
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Conclusion 6-2
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Appendix 7-1

Derivation in Negentropy Approximation

max{−H(fy )} ← theory

s.t.
∫

Gj(y)fydy = cj ← data∫
ϕ(y)Gi (y)Gj(y)dy = 1 if i = j ← orthogonality

= 0 otherwise∫
ϕ(y)Gj(y)ykdy = 0, k = 0, 1, 2

Equation (4): f̂y = ϕ(y){1 +
∑s

j=1 cjGj(y)}
Equation (5): H(y) ≈ H(ygauss)− 1

2

∑s
j=1 c2

j
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Appendix 7-2

f0(y ; a) = A exp{
s+2∑
j=1

ajGj(y)}

= A exp{−y2

2
+ as+1y + (as+2 +

1

2
)y2 +

s∑
j=1

ajGj(y)}

= A exp(−y2

2
) exp{as+1y + (as+2 +

1

2
)y2 +

s∑
j=1

ajGj(y)}

= Ãϕ(y){1 + as+1y + (as+2 +
1

2
)y2 +

s∑
j=1

ajGj(y)}

with Ã =
√

2πA and ϕ(y) = 1√
2π

exp(− y2

2 ).
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Appendix 7-3

Functions Gj are orthogonal:∫
f0(y ; a)dy =

∫
Ãϕ(y){1 + as+1y + (as+2 +

1

2
)y2 +

s∑
j=1

ajGj(y)}dy

= Ã{1 + (as+2 +
1

2
)} = 1

∫
yf0(y ; a)dy = Ãas+1 = 0∫

y2f0(y ; a)dy = Ã{1 + 3(as+2 +
1

2
)} = 1∫

Gj(y)f0(y ; a)dy = Ãaj = cj , j = 1, · · · , s.

Solution: Ã = 1, as+1 = 0, as+2 = −1
2 and aj = cj , ⇒ (4).

GHICA

Distribution comparison

-5 0 5

X

0
0.

1
0.

2
0.

3
0.

4
0.

5

Y

NIG
Laplace
Normal
t(5)
Cauchy



Appendix 7-4

Set B =
∑s

j=1 cjGj(y), then f̂y = ϕ(y)(1 + B)

H(y) ≈ −
∫

f̂y log f̂ydy

≈ −
∫
ϕ(y)(1 + B)[log{ϕ(y)}+ log(1 + B)]dy

= −
∫
ϕ(y)(1 + B) log{ϕ(y)}dy

−
∫
ϕ(y)(1 + B) log(1 + B)dy

≈ −
∫
ϕ(y) log{ϕ(y)}dy −

∫
Bϕ(y) log{ϕ(y)}dy

−
∫
ϕ(y)[B +

1

2
B2 + O(B2)] (Taylor expansion)

= H(ygauss)−
1

2

∑
c2
j + O(

∑
c2
j ) ⇒ (5)
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Appendix 7-5

Properties of FastICA

Consistency: Assume that the data follows the ICA model and G
is a sufficiently smooth even function. Then the set of local
maxima of J(y) of corresponding IC yj fulfills:

E{yjg(yj)− g ′(yj)}[E{G (yj)} − E{G (N(0, 1))}] > 0.

Asymptotic variance: The trace of the asymptotic (co)variance
of Ŵ is minimized when G is of the form:

Gopt(u) = c1 log fy (u) + c2u
2 + c3.
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Appendix 7-6

Modified Bessel functions

� Modified Bessel functions of the first kind:

K
(1)
λ (x) =

1

2πi

∫
exp{(x/2)(t + 1/t)}t−λ−1dt

� Modified Bessel functions of the second kind:

K
(2)
λ (x) =

Γ(λ+ 0.5)(2x)λ

√
π

∫ ∞

0

cost

(t2 + x2)λ+0.5
dt
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Appendix 7-7

Backtesting

� Risk level test: H0 : E[N] = Ta

LR1 = −2 log
{
(1−a)T−NaN

}
+2 log

{
(1−N/T )T−N(N/T )N

}
is asymptotically χ2(1) distributed, where N the sum of
exceedances happend in the interval [1,T ]. a is the expected
risk level.

� Clustering test: H0 : π00 = π10 = π, π01 = π11 = 1− π
LR2 = −2 log

{
π̂n0(1− π̂)n1

}
+ 2 log

{
π̂n00

00 π̂
n01
01 π̂

n10
10 π̂

n11
11

}
is asymptotically χ2(1) distributed, where
πij = P(It = j |It−1 = i), i , j = 0, 1 is the transition probability,

and nij =
∑T

t=1 I (It = j |It−1 = i), i , j = 0, 1.
π̂ij = nij/(nij + ni ,1−j), nj = n0j + n1j , and π̂ = n0/(n0 + n1).
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